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2
For the events A and B, P(A) = 0.3, P(B) = 0.6 and P(A' N B’) = ¢, where ¢ # 0.
(i) Find P(A N B) in terms of c. [3]

(ii) Find P(B | A) and deduce that 0.1 < ¢ <04. 3]

Of 9 randomly chosen students attending a lecture, 4 were found to be smokers and 5 were non-
smokers. During the lecture their pulse-rates were measured, with the following results in beats per
minute.

Smokers 77 85 90 98
Non-smokers 59 64 68 80 88
It may be assumed that these two groups of students were random samples from the student populations

of smokers and non-smokers. Using a suitable Wilcoxon test at the 10% significance level, test whether
there is a difference in the median pulse-rates of the two populations. ' {71

The discrete random variables X and Y have the joint probability distribution given in the foliowing
table.

X
-1 0 1
1 024 022 004
Y 2 {026 0.18 0.06
(i) Show that Cov(X, Y) =0. [5]
(ii) Find the conditional distribution of X given that ¥ = 2. [2]

The levels of impurity in a particular alloy were measured using a random sample of 20 specimens.
The results, in suitable units, were as follows.

300 205 3.15 265 350 325 285 335 265 275
290 220 295 3.05 3.65 345 255 215 280 2.60

(i) Use the sign test, at the 5% significance level, to decide if there is evidence that the population
median level of impurity is greater than 2.70. [7]

(ii) State what other test might have been used, and give one advantage and one disadvantage this
other test has over the sign test. [3]
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3

The continuous random variable X has probability density function given by

1 1 -
f(x) = mal ' x>0,
0 x <0,
where @ is a positive integer.
00
(i) Explain how you can deduce that L x*le*dx = (a— 1)1 [1]

(i) Write down an integral for the moment generating function M, (#) of X and show, by using the

substitution x = Tu_t’ that M (1) = (1 -1)7" [51

(iii) Use the moment generating function to find, in terms of ¢,
(a) E(X), [3]
(b) Var(X). " 3]

The discrete random variable X takes the values 0 and 1 with P(X = 0) = g and P(X = 1) = p, where
p+q=1.

(i) Write down the probability generating function of X. [1]
The sum of n independent observations of X is denoted by S.

(ii) Write down the probability generating function of S, and name the distribution of S. [2]
(iii) Use the probability generating function of S to find E(S) and Var(S). [6]

(iv) The independent random variables Y and Z are such that Y has the distribution B(lO, %), and

Z has probability generating function e~ Find the probability that the sum of one random
observation of Y and one random observation of Z is equal to 2. [6]

[Question 7 is printed overleaf.]
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The continuous random variable X has a uniform distribution over the interval [0, 8] so that the
probability density function is given by

|
f(x)=4 06
0 otherwise,
where 0 is a positive constant. A sample of n independent observations of X is taken and the sample
mean is denoted by X.

(i) The estimator 7, is defined by T, = 2X. Show that T, is an unbiased estimator of 6. 2]

It is given that the probability density function of the largest value, U, in the sample is

nun—l
g(u) = o O0ux<o,
0 otherwise.
n6?
(ii) Find E(U) and show that Var(U) = —— . [6]
(n+1)2(n+2)
+1
(iii) The estimator 7, is defined by 7, = ¥ U. Given that T, is also an unbiased estimator of 0,
show that T2 is a more efficient estimator than T1 forn > 1. [7]
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Statistics 4
1 (i) Use PA'NB")=1-P(AUB) Ml Orc=1-P(4 U B)
Use P(ANB)=P(4)+P(B)-P(4uB) | Ml
_ Al 3
=c—-0.1
(i) P(B| 4) = (c— 0.1)/ 0.3 B1 Shown clearly
Ml
Use0<p<l1 Al 3
to obtain 0.1 <c¢ <04 AG
2 Hy:m,=m,, Hy: m,# m; Bl Medians; both hypotheses
Use Wilcoxon rank sum test ‘Population medians’ if words
59 64 68 77 80 85 88 90 98 M1 Rank and identify
N NNSNSN S S Al MO if normal approx. used
R,=4+6+8+9=27 B1
40-27=13
w=13 Bl
Compare correctly with correct CV, 12 M1 Quote critical region or state
Do not reject Hy. There is no evidence of a that 13 > 12. MO if W=27
difference in the median pulse rates of the
two populations. Al 7 | Conclusion in context.
3 (i) Use marginal distributions to obtain Ml
E(X) =-04, E(Y)=1.5 AlAl
E(XY)=-0.24+0.04 - 0.52+0.12 M1
Cov(X,Y)=-0.6+0.6=0 AG Al 5
(1)P(X=-1|Y=2)=0.26/0.5=10.52 M1 Correct method for any one
P(X=0 |Y=2)=0.18/0.5=10.36
P(X=1|Y=2)=0.12 Al 2 | All correct
SR: B1 if no method indicated
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4 ))Hy:m=2.70,H;:m >2.7 B1 In terms of medians
Subtract 2.70 from each value and Allow just ‘medians’ here
count the number of positive signs Ml
Obtain 13 Al
Use B(20,'/,) to obtain Ml For finding tail probability
P(X>13)=0.1316 (0.132) Al Or CR: X > 15 M1A1
Compare correctly with 0.05 Ml Or: N(10, 5), p=0.132
Do not reject Hoy. Conclude that there is
insufficient evidence to claim that median level
of impurity is greater than 2.70 Al 7

(i))Wilcoxon signed rank test Bl
Advantage: More powerful (uses more formation) Bl Smaller P(Type 1)
Disadvantage: This test requires a symmetric Not ‘more time taken’
population distribution, not required for sign test Bl 3
. i 1 a-1_-x
5 (@) J. x“"e"dx =1, result follows Bl 1
o (a=1)!
""""""" e ¥
(i) My(0)= x* e e dx
0 (0( - )
|
:I —le—x(l—t)dx
y (a—=1)!
x=u/(1 —{), dx=du/(1 — ¢) and limits unchanged M1 Attempt to differentiate
00 1 uafl efu
:J. a-1 du Al
oa-D'A-6)"" 1-t
1 T oal
=—— |u“ e du Al
(a-D!1-0)” ;[
=(1-9" AG Al 5 | With evidence
© (i) EITHER: M()=a(1-y*" | Bl | ]
M"(t)= aa + 1)(1 - £)“~? Bl AEF
Substitute =0 M1
EX) =« Al
Var(X) =a(a+ 1) — o’ Ml
=a Al
OR: (1 -0)"=1+at+ Y% a(a+1)f+... MIAL
EX)=a Bl
Var(X) = E(X%) — [E() T M1 MO if t involved
= a(a+l)—o* ;a AlAl 6
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6 (1) gtpt Bl 1 | Accept g’ +pt'
(i) (g+ p1)" (= Gs(1)) Bl
Binomial Bl 2
G ESG() =mpgrp)  [wmiar |
=np Al
Var(S) = G"(1)+G'(1) - [G'(1)]? Ml
=n(n—1p*(p +q) + np—n’p’ Al
= npq Al 6 AEF, properly obtained
(iv) (Vo+ Yar)'0%e " M1 Seen
Find coefficient of 7 Ml May be implied
(1/2"°)(1 + 10 + %4x10x97) Al OR: P(Y=0)P(Z=2)+... M1,
(1 +t+ %) Al Zis Po(1) M1 Ans:A1A1A1;A1
Required coefficient
=¢'27°(1/2 + 10 + 45) M1 Not from e "=1-(1-t)+(1-t)*/2
=0.0199 Al 6 | No more than one term missing--
. = 1 e [9X
7 () E(T)=2E(X) =2x_60=0 MIAL SR:Blle:jogde
(So T is an unbiased estimator of &) )
0 n n+l
(i) BV = [ 2| |y 2 MIAIAL
0 g" "(n+1)| n+l
n+l
(W) =] du : n_ g MIAI
o g n+2
Var(U) = E(U%) - [E(D)’ Al 6
LY ¢
(n+1)*(n+2)
(i) Var(Ty) = 6*/[n(n+2)] Bl :
Var(T,) =24Var(X)/n : i MIA1 For comparison of var. Ty, T,
Var(T)/Var(T)) |
3/(n+2) M
“1forn>1 MIAL Idea used.
So T is more efficient than 7
Al 7
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